TENSOR PRODUCTS AND JOINT SPECTRA

BY
A. T. DASH AND M. SCHECHTER

ABSTRACT

We prove that the joint spectrum of the tensor product of several operators
is the cartesian product of their spectra.

Let X,---, X, be complex Banach spaces and let W be the completion of
X, ® - ®X, with respect to some crossnorm (cf., e.g., [1, 2]). Let I, be the
identity operator and A, an arbitrary bounded operator on X,, 1 £k < n. Set
T, =4,01,®®I, T,=1 ®4,® - ®I, and Li=1,® - @I
® A, ® --- ® I, in general. The operators T; obviously commute, and we have
(1) o(T) = o(4y), 1 Sk=n.

Let B be the double commutant of 7y,---, T, i.e., the set of those bounded
operators on W which commute with any operator commuting with all of the T,
B is a commutative Banach algebra. A complex vector (44,-:+,4,) is in the joint
resolvent p (T}, ---, T,) of the T, if there are operators C, in B such that

(2) ch(Tk_j'k)=I=Il®”'®In'
1

Otherwise it is in the joint spectrum o (Ty,:-,7,). In this note we shall give a
proof of the following

THEOREM 1. A complex vector (Ay,+++,4,) is in ¢ (Ty,+-,T,) if and only if
Aeo(A), 1 £k Z n. In symbols

n

3 o(Ty,,T,) = I:I a (4.

Let U(zy,-+,2,) be arational function without singularities on o(Ty,-- T,) It
was shown in [3] that

(4) O-[U(Tlﬁ"" Tn)] = U[G(Tls"'5 T;:)]'

An immediate consequence of (4) and Theorem 1 is
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CoROLLARY 1. A complex number pisin o[ U(Ty, -+, T,)] if and only if there are
complex numbers Ay, -+, A, such that J,e0(4,), 1 Sk<n, and u=U(Ay,-,4,).

Corollary 1 was proved in [4] without the use of Theorem 1. The case U(zy,z,)
=z,z, was previously considered in [5]. It might appear that the approach of
the present paper to proving Corollary 1 is simpler than that of [4]. This is illusory
since our present approach needs the Gelfand representation theorem (in the proof
of (4)) while that of [4] does not.

We now give the

Proof of Theorem 1. If A, cp(4,) for some k, then (i;,--+,4,) is in p
(Ty, -+, T,). For we can take C, = (T, — 4)"! and C;=0 for j#k in (2). Thus

n

(5) G(Tb"', T;:)C H G(Ak)'

1

Thus it suffices to show that A, ec0(4,) for each k imples that (1,,---,4,) is in
o(Ty,-, T,). We may assume each 4, =0. Since 0eo(4,), we have either a
sequence {xm; of elements in X, such that

® H Xkm ” =LA m—~0 as m— oo
or a sequence {x.} of elements in X such that

(here X, denotes the dual space of X, and A4, the conjugate of 4,), or both (6)
and (7) hold. By reordering the spaces X, if necessary, we may assume that there
is an integer ¢ such that 0 <t =< n and (6) holds for 1 < k <t while (7) holds
fort<kZn.

For 1 £ k £t let y,, € Xg be such that

®) I %im | = 1 and g, i) = 1,

and for t < k < n let ¥, € X, be such that

©) | i | =1 and | Zow i) | > 1 ——ln;.

Set

Xon = X1m @+ ®X1ms Xm = Xim® *** @ Ym -
Then by (8) and (9)

10) IX;(XM)I%(I—-%) -1 as m— 0,
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Now suppose there existed operators C, € W such that
1
Then

t n
xin(§ Ci T fm) =k21x.'.,(Ckaxm) + X Tdm (Citm)
= k 1

=t+

Thus by (11)

[ Gl = ZNCell [ Airin |+ Z | Cel | Aiatin |
k=1 k=t+1

—0 as m— 0.

This contradicts (10). Thus (11) cannot hold and the proof is complete.
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